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OX TZE ASYMPTOTIC BEEAVIOj3 O F  THE WAVE FUNCTION * 
OF A SYSTEM OF C W G E D  PARTICLES 
R. K. PETERKOP 
The asymptotic behavior of t h e  wave func t ion  desc r ib ing  
c o l l i s i o n  processes  (e .g . ,  i on iza t ion )  t h a t  r e s u l t  i n  t h e  forma- 
t i o n  o f  more than two f r e e  p a r t i c l e s  i s  we l l  known, i f  a l l  t h e  
p a r t i c l e s  t h a t  a r e  formed are n e u t r a l  and a l s o  i f  n o t  more than 
two of them a r e  charged(see,  e .g . ,  [1,2,31). An asymptotic 
form f o r  an a r b i t r a r y  number of charged p a r t i c l e s  was proposed 
i n  [TI, i n  which an asymptotic expansion conta in ing  powers of  
logari thms was obtained , s i m i l a r  t o  Fock 's  expansion [4,5,61. 
The r e s u l t s  of [TI were f u r t h e r  developed i n  [8-111, as w e l l  as 
i n  [l2,l3]. 
subjec ted  t o  c r i t i c i s m  i n  [14l. However, the  remarks made i n  
[141 cannot be recognized as v a l i d .  
contained i n  [l5]. 
asymptotic behavior of  the  wave func t ion  i s  examined i n  g r e a t e r  
d e t a i l .  Greater a t t e n t i o n  i s  p a i d  t o  those a spec t s  o f  t he  
problem which, because they were neglected,  l e d  t o  e r r o r s  i n  
1141. 
The asymptotic form t r e a t e d  i n  these  papers  i s  
A b r i e f  response t o  them i s  
I n  t h e  present  a r t i c l e  t h e  problem of t h e  
*Ai Rasseyaniye Elekt ronov 
na  Atonekh-p. 35 - 6 8  R.K.  Pe t e rkop  
Riga, 1 9 6 7 .  
1. S y s t e m  of X c u t r a l  P a r t i c l e s  
_. 
I n  the  case o f  short-range f o r c e s  ( i t  i s  s u f f i c i e n t  
i f  t he  i n t e r a c t i o n  p o t e n t i a l  decreases f a s t e r  than r-I) t h e  p a r t  
o f  t h e  wave func t ion  tha t  descr ibes  t h e  motion of N p a r t i c l e s  
s c a t t e r e d  a f t e r  c o l l i s i o n  has  an asymptotic behavior as p - a: 
where % =  
ri i s  t h e  r a d i u s  vec to r ;  mi i s  the  mass; ki i s  t h e  wave vec tor  
(momentum) of t he  i - t h  p a r t i c l e  (we a r e  using a system of u n i t s  
i n  which h = 1); - f i s  the  s c a t t e r i n g  amplitude; and E i s  t h e  
energy of t he  system. 
I n  formula (1) t h e  momenta and r ad ius  vec to r s  a r e  
a s soc ia t ed  by t h e  r e l a t i o n  
ki = nip p- l ri. 
Expressing ki i n  terms of the v e l o c i t y  vi, we g e t  
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Rela t ion  ( 6 )  expresses t h e  obvious f a c t  t h a t  t h e  
equiva len t  of s c a t t e r i n g  cases  i n  which N p a r t i c l e s  w i t h  
v e l o c i t i e s  vi a r e  formed i s  the asymptotic r eg ion  of  con- 
f i g u r a t i o n  space i n  which t h e  r ad ius  v e c t o r s  o f  t h e  p a r t i c l e s  
a r e  p r o p o r t i o n a l  t o  t h e s e  v e l o c i t i e s .  A t  t h e  same time t h e  
s e p a r a t i o n  between i n t e r a c t i n g  p a r t i c l e s  should be so  l a r g e  
t h a t  t h e  motion of  t h e  p a r t i c l e s  can be considered f r e e .  
Obviously, r e l a t i o n s  (5), (6)  corresppnd t o  t h e  f ree-  
motion formula of c l a s s i c a l  mechanics 
ri - v i t ,  (7) 
where t i s  t ime. 
E s s e n t i a l l y ,  formula (1) s t a t e s  t h a t  when t h e  i n t e r -  
p a r t i c l e  s e p a r a t i o n  i s  l a r g e ,  the p a r t i c l e s  move as f r e e  p a r t i c l e s  - 
t h e  wave func t ion  i s  a superpos i t ion  of p l ane  waves. I n  o rde r  t o  
g e t  a c l e a r e r  no t ion  of t h e  meaning of formula 
s i d e r  the fol lowing supe rpos i t i on  of p l a n e  waves: 
(l), l e t  us con- 
where 
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Generally speaking, acy wave func t ion  can be expanded 
i n t o  a s e r i e s  (ai? i n t e g r a l )  i n  plane waves, b u t  a &-type 
dependence on energy i n  t h e  integrand may occur only i n  t h e  case 
of f r e e  motion. 
If ri - 03, the  major  c o n t r i b u t i o n  t o  t he  i n t e g r a l  ( 8 )  
i s  made only by waves t h a t  correspond t o  t he  given region of con- 
f i g u r a t i o n  space.  I n  o t h e r  words, t h e  integrand has s t a t i o n a r y  
p o i n t s  def ined by t h e  condi t ions 
where ki i s  determined according t o  ( 5 ) .  The minus s i g n  i n  
(10) r e f e r s  t o  a wave moving toward t h e  c e n t e r  ( i . e . ,  toward the  
converging wave). Using t h e  s t a t i o n a r y  phase method and assuming 
t h a t  t h e  amplitude of t he  converging wave i n  t h e  asymptotic 
reg ion  being considered i s  z e r o ,  we f i n d  
Thus, we can assume tha t  Y r ep resen t s  superpos i t ion  of p lane  
waves a t  g r e a t  d i s t ances .  
Taking (5 )  i n t o  account, the  index o f  t h e  exponent on 
t h e  r ight-hand s i d e s  of  (1) and (11) i s  obtained a s  
i xp  = 2 k, rl + . . . + i klvrN. 
-4- 
Formula (1) can b e  r ewr i t t en  i n  the  form 
n -- 
Y - p ~ ( I C ~ , .  .., kx) exp (i k,rl -/- . . . + ikNrN). 
Thus, when separa t ion  i s  l a rge ,  t h e  supe rpos i t i on  of 
p lane  waves reduce t o  a s i n g l e  wave. 
c l e a r  meaning. Imagine a source o f  f i n i t e  dimensions ( a  r e a c t i o n  
zone) emi t t i ng  p a r t i c l e s .  At s h o r t  d i s t ances  from the  source 
p a r t i c l e s  emanating from various p o i n t s  i n  t h e  r e a c t i o n  zone a l l  
pass through the  same p o i n t s  i n  space.  Consequently, a t  s h o r t  
d i s t a n c e s  t h e r e  i s  no d e f i n i t e  c o r r e l a t i o n  between t h e  d i r e c t i o n  
of p a r t i c l e  motion and t h e  d i r e c t i o n  of t he  r a d i u s  vec tor  ( i t  
i s  never  p o s s i b l e  t o  d i s regard  t h e  f a c t  t h a t  t h e  source has f i n i t e  
dimensions).  But as t h e  d is tance  inc reases ,  t he  number of cases  
i n  which the  var ious d i r e c t i o n s  i n t e r s e c t  gradual ly  d isappears .  
At s u f f i c i e n t l y  g r e a t  d i s tances  t h e  r e a c t i o n  zone can be con- 
s i d e r e d  8s  a p o i n t  p a r t i c l e  source.  The d i r e c t i o n  of p a r t i c l e  
motion i n  t h i s  case co inc ides  w i t h  t h e  d i r e c t i o n  o f  t h e  r a d i u s  
vec to r ,  and t h i s  i s  expressed b y  formulas (5), ( 6 ) .  
T h i s  f a c t  has a completely 
Therefore,  formula (1) has t h e  fol lowing phys ica l  
meaning. 
1. P a r t i c l e  motion can be considered f r e e  - i t  i s  
descr ibed by superpos i t ion  of plane waves. 
2 .  I n  t h i s  super9os i t ion  a l l  t he  components t h a t  do 
no t  correspond, i n  t h e  sense of  (5), (6), t o  t h e  reg ion  of con- 
f i g u r a t i o n  space being considered vanish.  
waves Teduces t o  a s i n g l e  wave. 
Superpos i t ion  of  plane 
/ 
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Zrom t h i s  we ge t  t h e  condi t ions  of a p p l i c a b i l i t y  of 
formula (1). 
1. I n  t h e  region of conf igu ra t ion  space being examined 
t h e  p o t e n t i a l  energy i s  neg l ig ib ly  small  as compared to t he  
k i n e t i c  energy. 
2 .  The reg ion  being examined i s  s o  f a r  f r o m  t h e  
r e a c t i o n  zone where i n t e r a c t i o n  i s  a c t u a l l y  tak ing  p lace  t h a t  
t h e  l a t t e r  can be considered a p o i n t  p a r t i c l e  source.  
With p as l a r g e  as desired,  t h e  conf igu ra t ion  space 
of many p a r t i c l e s  conta ins  regions i n  which the  i n t e r a c t i o n  
p o t e n t i a l  does n o t  vanish.  Even i n  t h i s  case,  however, i t  can 
be assumed t h a t  c o l l i s i o n  a c t u a l l y  t akes  p l a c e  i n  a bounded 
zone. I f  the  p o t e n t i a l  i s  r epu l s ive ,  remote i n t e r a c t i o n  reg ions  
quickly empty (wi th  inc reas ing  d i s t a n c e ) ,  but  i f  t h e  p o t e n t i a l  
i s  a t t r a c t i v e ,  p a r t i c l e s  d o  not vanish.  It goes without  saying 
t h a t  formula (1) i s  not  appl icable  i n  t h e s e  reg ions .  
2 .  System of Neutral  and o f  Two Charged P a r t i c l e s  - --- 
I n  cases  when charged p a r t i c l e s  a l s o  form, t he  asymptotic 
behavior of t he  wave func t ion  has been known only f o r  c o l l i s i o n  
processes  i n  which no more than two p a r t i c l e s ,  i n  Coulomb i n t e r -  
a c t i o n ,  a r e  formed. Then the  wave func t ion  a t  g r e a t  d i s t ances  
i s  a supe rpos i t i on  of func t ions  i n  which t h e  r e l a t i v e  no t ion  of 
bo th  Coulomb p a r t i c l e s  i s  described by t h e  well-known Coulomb 
-6- 
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wave func t ion ,  w h i l e  t he  m o t i o n  of t h e i r  c e n t e r  of i n e r t i a  and 
t h a t  of all t he  remaining p a r t i c l e s  i s  descr ibed by plane waves. 
It i s  no t  d i f f i c u l t  t o  ob ta in  an asymptotic expression 
s i m i l a r  t o  (11) f o r  t he  superpos i t ion  of t he  products  of p lane  
waves and Coulomb func t ions .  
A Coulomb func t ion  t h a t  has  an " i n c i d e n t  + convergent 
wave" asymptotic and i s  normalized analogous t o  a plane wave i s  
where 
Tra - -  
X(a,k,r)  = e r(l - i a ) F ( i a , l , - i ( k r + k r ) ) ;  
and F i s  a degenerate hypergeometric func t ion .  
Function (14) s a t i s f i e s  t h e  equat ion 
9 = 0 .  zc mv2 A + - - -  1 ( -  2m r 2 
Consider t he  asymptotic behavior of t h e  fol lowing i n t e g r a l ,  
d i f f e r e n t  from (8) i n  t h a t  t h e  p lane  waves a r e  replaced by Coulomb 
func t ions  : 
-7- 
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From (14) it  i s  evident t h a t  (18) d i f f e r s  f r o m  (8) 
only because t h e  integrand contains  t h e  a d d i t i o n a l  m u l t i p l i e r s  
x (a i , p i , r i ) .  
slower as r . 4 m  than do t h e  exponents, and t h e r e f o r e  t h e i r  
presence does n o t  change t h e  s t a t i o n a r y  p o i n t ,  which i s  determined 
by formula (10) i n  t h i s  case  a l so .  
a t  t h e  s t a t i o n a r y  p o i n t  can be considered a s  cons t an t s  (everywhere 
equal  t o  t he  value a t  t h i s  po in t )  and toge ther  w i t h  t h e  amplitude 
f can be taken ou t s ide  t h e  i n t e g r a l  s ign .  Considering f u r t h e r  
t ha t  i f  t he  vec to r s  5 and r coinc ide  i n  d i r e c t i o n ,  then as 
These a d d i t i o n a l  func t ions  o s c i l l a t e  considerably 
1 
The m u l t i p l i e r s  x(ai ,pi , r i )  
- 
- 
r 3 a  
'X (a, k, r) N slip (- ia In 2 1 ~ ) ;  
we g e t  f i n a l l y  
Here, as i n  t h e  der iva t ion ,  o f  ('ll), t h e  absence of a converging 
wave i s  assumed. 
Formula (20) i s  obviously a l s o  app l i cab le  t o  t h e  super- 
Then, p o s i t i o n  of  product's of Coulomb func t ions  and plane waves. 
Some a . - O .  if' a l l  cri = 0 ,  then we ge t  (11) from ( 2 0 ) .  1- 
I 
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i n  t h e  case when t h e  integrand i n  (18) conta ins  one 
Coulomb funct ion  and one plane wzve, formula (20) coryesponds 
t o  t h e  r e s u l t s  o f  i31, r e l a t i n g  t o  the  asymptotic behavior of 
t h e  Green's func t ion  f o r  a system c o n s i s t i n g  o f  one n e u t r a l  and 
two charged p a r t i c l e s .  
Using (12) and (16), forrnula (20) can be r e w r i t t e n  i n  a 
form analogous t o  (13) : 
The condi t ions  of a p p l i c a b i l i t y  of formulas (20) and 
(21) a r e  t h e  same as f o r  formulas (l), (ll), and (13) ( s e e  p .  '6) . 
Formula (20) was derived i n  t h e  same way a s  
a d d i t i o n a l  use was made of 
hand s i d e  o f  (19) i s  es t imated using an asymptotic expansion of 
t h e  degenerate  hypergeometric funct ion,  we f i n d  t h a t  t h e  a p p l i -  
c a b i l i t y  condi t ions  (19) a r e  
(11) except t h a t  
(19). I f  t he  next  term on t h e  r i g h t -  
T h i s  means t h a t  t he  Coulomb p o t e n t i a l  energy must  be considerably 
l e s s  than t h e  k i n e t i c  energy. 
-9- 
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It i s  not  d i f f i c u l t  t o  see  t h a t  t h e  wave func t ion  can 
be represented  ii? the  fern of (18) i f  t he  Coulomb p o t e n t i a 1  
energy of t h e  system has the  f o r m  
N 
i= 1 
Mote t h a t ,  t ak ing  (6)  i n t o  account,  
( 2 3 )  
I f  the  number of charged p a r t i c l e s  i s  g r e a t e r  than two, 
t h e  Coulomb p o t e n t i a l  energy of t h e  system cannot be w r i t t e n  i n  
the  f o r m  of (23), and the  wave func t ion  of t h e  system cannot be 
w r i t t e n  i n  the  form o f  a superpos i t ion  o f  products  of Coulomb 
func t ions  and plane waves. Therefore (18) and (20) can have a 
d i r e c t  phys i ca l  meaning only i f  more than one of t he  cc a r e  
d i f f e r e n t  from zero.  I n  t h i s  case t h e  s i n g l e  Coulomb func t ion  
desc r ibes  t h e  r e l a t i v e  motion o f  bo th  charged p a r t i c l e s .  
Formulas (18) and (20) a r e  appl icable ,  e .g . ,  t o  t he  problem of 
s i n g l e  i o n i z a t i o n  of a negat ive hydrogen ion  by an e l e c t i o n ,  
when a n e u t r a l  atom and two e l ec t rons  a r e  formed. 
no longer  app l i cab le  to t h e  case o f  e l e c t r o n  i o n i z a t i o n  of a 
i 
However, they a r e  
hydrogen atom, when t h r e e  charged p a r t i c l e s  a r e  formed. 
-10- 
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3 .  General Case o f  a Sys t em of Charged and Neutral  P a r t i c l e s  - ---- 
An asymptotic form f o r  t he  wave func t ion  o f  a system 
conta in ing  an a r b i t r a r y  number o f  charged p a r t i c l e s  was proposed 
i n  [TI. Considered i n  t h i s  a r t i c l e  was a system of N e l e c t r o n s  
i n  the  f i e l d  of a f ixed  nucleus.  
then be w r i t t e n  i n  the  form 
The SchFbdinger equation can 
where 
jN-dimensional space; R i s  a c o l l e c t i o n  of n v a r i a b l e s  ( ang le s )  
determining t h e  d i r e c t i o n s  i n  3N-dimensional space.  These 
v a r i a b l e s  determine t h e  d i r e c t i o n s  of t he  rad ius-vec tors  i n  
three-dimensional space and the r a t i o  of' t h e i r  absolu te  va lues .  
Taking (5 )  i n t o  account,  i t  i s  c l e a r  t h a t  a s  p + = ,  every R 
corresponds to a d e f i n i t e  s e t  o f  momenta ki , . . . ,$.  Thus, every 
d i r e c t i o n  R corresponds to a s p e c i f i c  outcome o f  t h e  c o l l i s i o n .  
I n  the  expression f o r  t he  s c a t t e r i n g  amplitude t h e  momenta can 
be replaced by R :  
A++ i s  t h e  angular por t ion  of t h e  Laplace opera tor  i n  
- 
- 
f ( k i ,  ...,%) = f ( R ) .  
Note t h a t  t h e  e l ec t ron  system be ing  examined i n  t h e  
f i e l d  of a f ixed  nucleus does not r e s t r i c t  t h e  g e n e r a l i t y  of 
t he  a n a l y s i s .  The Schrvdinger equat ion f o r  a s y s t e n  of nT -1- 1 
- 11- 
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charged p a r t i c l e s  wi th  a-rbi-crary masses and charges can a l s o  be 
reduced t o  t ne  form of  (25) using a c e n t e r - o f - i n e r t i a  system. 
It was demonstrated i n  [TI t h a t  equation (25) has a 
formal s o l u t i o n  i n  t h e  f o r m  of the s e r i e s  
The s p e c i f i c  f o r m  of the expansion fol lows uniquely 
f r o m  more gene ra l  premises.  The expansion c o e f f i c i e n t s  A 
a r e  expressed i n  terms of various-order d e r i v a t i v e s  o f  
and V ( n ) .  
t h a t  t h e s e  two q u a n t i t i e s  be i n f i n i t e l y  d i f f e r e n t i a b l e  as 
func t ions  of t h e  angles  i n  conf igura t ion  space.  Note t h a t  A (0) 
i s  t h e  s c a t t e r i n g  amplitude,  while V ( R )  i s  equal  t o  t h e  product 
of p and t h e  Coulomb p o t e n t i a l  energy of t h e  system o f  p a r t i c l e s .  
mp 
A o 0 ( n )  
For t h e  ex is tence  of t h e  expansion i t  i s  necessary 
0 0  
Considering only the  f i r s t  term of  expansion (27) and 
denot ing A (n) = f(n), we have 
0 0  
The a p p l i c a b i l i t y  condi t ions‘  f o r  formula (28) a r e  the 
* same as those  f o r  formula (1) ( s e e  p .  6 ) .  Let u s  remember t h a t  
-12- 
one of the  necessary condi t ions s t a t e s  t h a t  t h e  p o t e n t i a l  energy 
must  be considerably l e s s  than t h e  t o t a l  energy; t h a t  i s ,  
A s  i s  ev ident ,  (28)  d i f f e r s  f r o m  (1) only i n  t h a t  t h e  
phase has a logari thmic term. 
i n  a c e r t a i n  d i r e c t i o n  9 proves to be t h e  same a s  f o r  t h e  
s o l u t i o n  of equat ion (25) w i t h  the  p o t e n t i a l  independent o f  R 
Phase d i s t o r t i o n  due t o  s c a t t e r i n g  
0 
(everywhere equal  t o  V ( R o )  p - l ) .  
asymptotic motion of a system o f  charged p a r t i c l e s  i s  t h e  same 
as i n  t h e  case when t h i s  system moves i n  conf igu ra t ion  space 
w i t h  cons tan t  (direct ion-independent)  Coulomb p o t e n t i a l .  T h i s  
i s  a r e s u l t  t o  be expected. A t  g r e a t  d i s t ances  t h e  motion of 
Coulomb p a r t i c l e s  approaches the motion of  f r e e  p a r t i c l e s  
asymptot ica l ly .  The l a t t e r  i s  c h a r a c t e r i s t i c  i n  t ha t  t h e  v e l o c i t i e s  
do n o t  change wi th  time, while  t he  r a t i o  o f  d i s t a n c e s  tends  t o  t h e  
r a t i o  of v e l o c i t i e s .  Consequently, the components of R tend t o  
cons t an t  l i m i t s .  Hence i t  i s  c l e a r  t h a t  t he  func t ion  V(R) should . 
a l s o  tend t o  a cons tan t  value." 
It can be s a i d  t h a t  t h e  
I 
Expansion (27), analogous to t he  well-known Fock 
expansion [4-61, conta ins  powers of logari thms.  
*It fo l lows  from (7) t h a t  Q(t)-  cons t  = R a s  t -, whence 
V(R(t)) -const = V(R ) .  
0 
0 
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. 
Based on t h e  example of t he  problem o f  e l e c t r o n  
i o x i z a t i o n  of a hyarogen atom a t  z e r o  t o t a l  o r b i t e l  moment, It 
was a l s o  demonstrated i n  [TI t h a t  t h e  phase we obtained f o r  t he  
wave func t ion  corresponds t o  t h e  asymptotic behavior of t h e  time- 
independent p o r t i o n  of t he  c l a s s i c a l  a c t i o n  
1 
S(?, Q)  - x p -  --V(Q)ln p. 
il 
The v a l i d i t y  o f  formula ( 3 0 )  for t h e  genera l  ca se  was 
demonstrated i n  C81. To der ive  (30) i n  C7,81, t he  f i r s t  t h i n g  
done was t o  determine the  asymptotic behavior of the  s o l u t i o n s  
t o  the  equat ion of  motion and then t h e  a c t i o n  was computed a s  
t h e  i n t e g r a l  along t h e  t r a j e c t o r y .  The problem of asymptotic 
behavior a s  considered wi th in  the framework of c l a s s i c a l  mechanics 
w i l l  be discussed i n  g r e a t e r  d e t a i l  i n  the  l a s t  s e c t i o n  o f  t h i s  
A r t i c l e .  
The asymptotic f o r m  (28) was used i n  [91 t o  determine 
t h e  asymptotics of a s c a t t e r e d  wave and t o  e s t a b l i s h  r e l a t i o n s h i p s  
between t h e  amplitudes o f  d i r e c t  and exchange s c a t t e r i n g  during 
’ i o n i z a t i o n .  It was used i n  [lo] t o  study t h e  s i m i l a r i t y  o f  
i n t e g r a l  expressions f o r  t h e  amplitude. 
f o r  t h e  case  of e l e c t r o n  ion iza t ion  of a hydrogen atom, t h a t  t he  
logar i thmic  phase d i s t o r t i o n  we discovered a l s o  follows f rom t h e  
It was shown i n  [111, 
asym7totlc behavior oi' an exact system of equat ions .  Discussed 
i n  t h e  s2me paper were o t h e r  p o s s i b l e  ways of' w r i t i n g  t h e  
logari-clunic term i n  t h e  phase o f  the  wave func t ion;  of t hese  
ways note  
where Zi  and Z a r e  t h e  p a r t i c l e  charges of t he  system being 
examined ( inc lud ing  
wi th  zero v e l o c i t y  and r ad ius  v e c t o r ) .  
j 
Zo, which i s  t h e  charge of a f ixed  c e n t e r  
That t he  logar i thmic  term i s  n o t  unique i s  implied 
by t h e  f a c t  t h a t  any func t ion  o f  R can be added t o  i t ,  
simultaneously s u b t r a c t i n g  t h e  same func t ion  f r o m  the  phase 
of the  s c a t t e r i n g  amplitude.  Obviously, Y does no t  change 
i n  t h i s  case.  The phase of the s c a t t e r i n g  amplitude i s  no t  
s p e c i f i e d  i n  advance. Consequently, t h e  logar i thmic  term i s  
determined, i n  genera l ,  wi th  accuracy up t o  an a r b i t r a r y  func t ion  
of t h e  angles .  Thus, f o r  instance,  I n  p can be replaced by 
i n  2xp, which corresponds t o  the fo rm which i s  used i n  w r i t i n g  
t h e  asymptotic of a s i n g l e - p a r t i c l e  Coulomb func t ion .  The non- 
uniqueness of t h e  phase i s  a l s o  c l e a r  f r o m  the  f a c t  t h a t  any 
a s y n p t o t i c  expression t h a t  considers  only i n f i n i t e l y  i n c r e a s i n g  
terms i s  determined, i n  general ,  w i th  accuracy up t o  terms 
tending  t o  f i n i t e  l i m i t s .  
According t o  (6), the Coulomb p o t e n t i a l  energy a s  p -.) m 
can be w r i t t e n  i n  a form analogous t o  (24) : 
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Using (6)  or,ce again,  we get 
Hence i t  i s  evident  t h a t  (31) i s  a poss ib l e  expression f o r  t h e  
logar i thmic  term i n  t h e  phase.  
Using (12) and ( 3 ) ,  f o r m u l a  (28) can be r e w r i t t e n  i n  
a f o r m  analogous t o  (13) and ( 2 1 )  : 
The asymptotic f o r m  (28),  (34) can be appl ied  d i r e c t l y  
t o  t h e  case of a system containing b o t h  charged and n e u t r a l  
p a r t i c l e s  [8,11!. Then expression (31) f o r  t he  logar i thmic  term 
seems t o  be more n a t u r a l ,  s ince i t  depends only on the  charged 
p a r t i c l e  coord ina tes .  T rans i t i on  t o  n e u t r a l  p a r t i c l e s  i s  c a r r i e d  
o u t  by s e t t i n g  the  corresponding charges equal  t o  zero .  
Obviously, i f  t he  Coulomb p o t e n t i a l  energy (32) i s  
reduced t o  the form (23 ) ,  then (34) changes into’ (21 ) .  Thus,  
-16- 
(34) 
(34)  i s  a g e n e r a l i z a t i o n  of ( 2 1 ) .  Taking (24) i n t o  account,  i t  
i s  not  d l f f i c u l t  t o  understand t h a t  (20 )  and ( 2 1 )  
w r i t t e n  i n  form (28) .  
Let us c l a r i f y  I n  what sense asymptotic 
can a l s o  be 
form (28334) 
can be represented a s  a superpos i t ion  of  t he  products  of Coulomb 
func t ions  descr ib ing  t h e  motion of i n d i v i d u a l  p a r t i c l e s  i n  f i e l d s  
produced by some e f f e c t i v e  charges.  
I n  order  to cons t ruc t  such a supe rpos i t i on  i t  i s  necessary 
t o  
i n  
wi th  which t h e  Coulomb p o t e n t i a l  6i f i n d  e f f e c t i v e  charges 
the  asymptotic region can be reduced t o  form (23) :  
Using (24) and ( 3 2 ) ,  we get 
T h i s  condi t ion  ensures t h e  equivalence of  t h e  logar i thmic  terms 
i n  the  phase f o r  (21) and (34 ) .  
c i  I n  the  genera l  case the  co l1ec t ;on  N o f  numbers 
may s a t i s f y  (36) no t  - f o r  a l l ,  but.  only f o r  some (no more than N )  
c o l l e c t i o n s  of values  of vi, o r ,  i n  o the r  words, f o r  s e v e r a l  
d i r e c t i o n s  R. Thus, we can construct  a supe rpos i t i on  of t he  
products  of Coulomb func t ions  of form, (18) such tha t  t h e  same 
-17- 
asymptotic as the exact wave fcnction holds in several ( G S )  given 
directions in con;igur&tion space .  in all the other directions 
the asymptotics of these functions in the general case will be 
different . 
If only one direction is given, then considerable 
arbitrariness prevails in the choice of the effective charges. 
For example, it can be assumed that all but one of them equal 
zero. The othey possibility is that all ci are identical. 
A condition of form (36) must be taken into account 
in setting up integral expressions for the ionization amplitude 
C l O I .  
A superposition of form (18) ensuring the correct 
asymptotic in all directions can be conscructed if the effective 
charges are assumed to be not constant, but dependent on the 
momenta pi,. . . ,pN in accordance with the condition 
In this case the above-mentioned arbitrariness in the choice of 
Ci(or ai) also prevails. 
- 
The result of the presence of the logarithmic terrn in 
the phase is that the usual methods of expansion in a system of 
functions of the angles are not applicable to Y. In the 
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asymptotic form o f  t he  wave fu-action n o t  only the  s c a t t e r i n g  
amplittidz i s  dependeiit 0x2 t h e  angles ,  as i n  t h e  case o f  s h o r t -  
range fo rces ,  b u t  a l s o  the  logari thmic tern: i n  the  phase. 
Therefore ,  expalzsion o f  t h e  wave func t ion  i n t o  a s e r i e s  wi th  
r e spec t  t o  a system of funct ions o f  angles  w i l l  no t ,  gene ra l ly  
speaking, correspond t o  expansion of t h e  s c a t t e r i n g  amplitude 
i n t o  a s e r i e s  i n  the  same func t ions .  Radial  func t ions  w i l l  n o t  
correspond to p a r t i a l  amplitudes.  I n  order  f o r  t h i s  to occur,  
t h e  m u l t i p l i e r  with t h e  logari thmic phase would f i r s t  have t o  
be i s o l a t e d  Tron t h e  wave funct ion before  expansion. T h i s  f a c t o r  
may conp l i ca t e  numerical  computations to a cons iderable  e x t e n t .  
An except ion i s  the  case when V ( n )  depends a d d i t i v e l y  on t h e  
a r g u e f i t s  of t he  d i f f e r e n t  angle func t ions .  Another except ion 
i s  t h e  case when t h e  expansion i s  c a r r i e d  o u t  w i t h  r e spec t  t o  
f u n c t i o n s  having an asymptotic analogous to plane waves, i . e . ,  
f unc t ions  descr ib ing  motion i n  a s p e c i f i c  d i r e c t i o n  ( i n f i n i t y ) ,  
so  tha t  V(n) has a d e f i x i t e  value a t  i n f i n i t y .  I n  the  l a t t e r  
case expansion i n  the  asymptotic region i s  analogous i n  form t o  
supe rpos i t i on  (18), w i t h  the  condi t ion tha t  ai  be determined 
i n  accordance with (37 ) .  Thus, f o r  example, i n  t h e  problem of  
e l e c t r o n  i o n i z a t i o n  of a hydrogen atom, the  expansion 
Y = J Fk (rJ +k (r2) dk 
\ 
i s  admissible  f o r  t he  continuous-spectrum p a r t  on the  b a s i s  of 
t h i s  vie-dpoint, but  
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i s  i n a p p l i c a b l e .  
The i n t e g r a l  expressions f o r  amplitude obta ined  i n  . 
[lo] were used i n  1121 t o  der ive  a th re sho ld  l a w  for t h e  i o n i z a t i o n  
c r o s s  s e c t i o n .  It was found t h a t  t h e  c r o s s  s e c t i o n  nea r  th reshold  
depends l i n e a r l y  on t h e  energy. This  r e s u l t  was obta ined  by 
going t o  t h e  l i m i t  E = O  i n  t h e  in t eg rand .  When t h i s  i s  done, 
however, t h e  in tegrand  converges only by means of an a d d i t i o n a l  
exponent ia l  m u l t i p l i e r .  Therefore ,  a f u r t h e r  a n a l y s i s  o f  t h i s  
problem i s  d e s i r a b l e .  
* The asymptotic behavior of  t h e  wave f u n c t i o n  was con- 
s i d e r e d  by a somewhat d i f f e r e n t  method i n  [12,131 f o r  t h e  problem 
of e l e c t r o n  i o n i z a t i o n  of a hydrogen atom. I n  a way similar t o  
t ha t  of Bohm [18], t h e  des i r ed  s o l u t i o n  was r ep resen ted  i n  t h e  
form 
where 
when 
G and U a r e  r e a l .  
/ 
By means of successive approximations i t  was shown t h a t  
P - . a  
(40) 
-.20 -
. where S is the action (the solution of the Hamilton-Jacobi 
equation). 
Expression (41) is equivalent to (3O), since it differs by 
a tern independent of p . In contrast with [7,81, the asymptotic 
behavior of the action was determined in [l2,l31 by solving the 
Hamilton-Jacobi equation by successive approximation. 
The asymptotic form f o r  E = 0 was also proposed in 
[l2,l3], which was not done in [7,11j. When E = 0, the 
Hamiiton-Jacobi equation has a solution of tne Torm 
Instead of (42)> when E = 0, we have 
9 
- 4  
G-p b(Q). 
In contrast with (42)-, where - I"
determined if all the boundary conditions of the scattering 
problem are taken into account), J- as a function of 0 should 
can be chosen arbitrarily (ii is 
( 44) 
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s a t i s f y  a s p e c i f i c  p a r t i e i  O i f f e r e n t i a l  equa-cion. It remains 
unclear to what ex ten t  t h i s  equation i s  compatible wi th  t h e  
p o s s i b l e  boundary cond i t ions .  
By somewhat supplementing the  1-esults of [12,131 we 
note  t h a t  when E = 0 we can cons t ruc t  a formal s o l u t i o n  t o  
equat ion (25) i n  t he  form of t,he s e r i e s  
I n  doing so,  however, 
p a r t i a l  d i f f e r e n t i a l  equation ( i n  expansion (27), b (0) can be 
chosen a r b i t r a r i l y )  i n  o r d e r  t o  exclude p o s i t i v e  powers o f  
expansion. Note t h a t  t h e r e  are no logar i thmic  terms i n  (45), 
and t h e  expansion i s  c a r r i e d  o u t  i n  powers o f  w. 
b0(2 )  m u s t  s a t i s f y  t h e  above-mentioned 
0 
Reference 1131 a l s o  conta ins  an ex tens ive  review of t h e  
var ious  a spec t s  o f  asyixptotLc behavior,  considered on the  b a s i s  
of t h e  problem of e l e c t r o n  i o n i z a t i o n  of a hydrogen atom. 
Recently the re  appeared an a r t i c l e  by Temkin E141 i n  
which the  asymptotic form considered i n  [7-131 i s  taken t o  be 
i n c o r r e c t .  Let us  b r i e f l y  note t h e  b a s i c  c r i t i c a l  remarks made 
i n  1141. 
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1. The logarithmic term in the phase oI" the asymptotic 
form (28) is singulai- at the points where the potential energy 
has a singularity, e.g., at r = r2. At such points asymptotic i 
form (28) does not satisfy the requiremznts for the behavior of 
the wave function as defined by the theorems of Kato. 
2. It is not true that the Schr6dinger equation reduces 
to an ordinary differential equation with respect to p as p-; 
that is, that the term containing A* can be neglected in (25). 
For partial solutions, even when p-, terms containing derivatives 
with respect to the angles R should be given due regard. In the 
case of s h o r t y m g e  forces such terms vanish for the asymptotic 
form of the superposition of partial solutions. But it should 
be expected that this will not be true in the case of Coulomb 
inLeraction. 
3. If the derivative of the potential in some direction 
in configuration space has a discontinuity, then by differentiating 
(28) we find that the corresponding derivative of the wave function 
also undergoes a discontinuity, which is not permissible. 
4. Using a simple model as an example, it can be 
deKonstrated that there exists another asymptotic form which does 
not have the above-mentioned deficiencies. 
Presented below are some brief responses to these remarks. 
A more detailed analysis will be given in later sections of this 
article. 
-23 - 
1) Asymptotic form (28) corresponds to free motion. 
It is senseless to ap9ly it in a region where the potential 
energy is greater than the total energy of the system. 
2) The existence of a formal solution in the form 
of sei-ies (27) indicates that the asymptotic form is self- 
consistent. By differentiating (28), we can see that the terms 
containing angular derivatives have an additional multiplier 
p -2 (In p )  j (j = 1,2) . Thus , the part of the Hamiltonian that 
contains A*;., analogous to the case of short-mnge forces, makes 
no contribution in the first term of the asymptotic expansion 
of the superposition of partial solutions. This also agrees 
with the asymptotic behavior of the Hamiltonian function in 
classical mechanics. 
3) If the derivative of the potential has a discon- 
tinuity, then the derivative of the asymptotic form is not equal 
to the asymptotic form of the derivative of the wave function, 
that is, the asymptotic form cannot be differentiated. This 
can be demonstrated using as example the solution to the Ftamilton- 
Jacobi equation of classical mechanics. 
4) The suggested "second asymptotic form" corresponds 
to the superposition of the products of plane waves and Couloxb 
functions of type (18). B u t  according to (20) this is equivalent 
to the asymptotic form that is being criticized. Tne author of 
[14i denLes that the stationary phase method is applicable to the 
example he i s  considerLng, i n  vLew o f  t h e  f a c t  LhaT; t h i s  nethod 
i e & s  LO a r e s u l t  i n  wh ich  thz 6 ~ ~ i v ~ ~ i v ~  of  t he  -dave fG.r,ction 
undergoes a d i s c o n t i n u l t y .  3 u t ,  a s  has a l ready  been mentioned 
i n  the  preceding p a r t ,  the  d i scon t inu i ty  stems f r o m  i l l e g a l  
d i f f e r e n z i a t i o n .  
It  should be noted t h a t  t h e  example considered i n  CI41, 
t h e  so-ca l led  zero , -order  problem, corresponds t o  t he  case of one 
n e u t r a l  ana two charged p z r t i c l e s .  Therefore ,  t he  c r i t i c i s m  of 
E141 r e f e r s  no t  only to t h e  r e s u l t s  o f  [7-131, but  p r imar i ly  t o  
t h e  r e s u l t s  o f  an e a r l i e r  a r t i c l e  [31. 
4. Model of One-Dimensional P a r t i c l e s  - 
The c r i t i c a l  remarks of  [lh] were ex tens ive ly  due to 
t h e  f a c t  t h a t  c e r t a i n  f e a t u r e s  o f  asymptotic behavior t h a t  a r e  
c h a r a c t e r i s t i c  no t  only of  Coulomb fo rces ,  but  a l s o  o f  short-range 
i'oi-ces, were disregarded.  A t  the same time, t he  f a c t  t h a t  t h e  
space i s  three-dimensional i s  n o t  e s s e n t i a l .  For g r e a t e r  c l a r i t y ,  
t h e r e f o r e ,  l e t  us consider  a model analogous t o  t h e  c o l l i s i o n  of 
e l e c t r o n s  with hydrogen a toms,  bu t  assuming t h a t  t h e  p a r t i c l e s  
a r e  one-dimensional and t h e  i n t e r p a r t i c l e  f o r c e s  a r e  short-range.  
The wave-function p r o p e r t i e s  of s e v e r a l  p a r t i c l e s ,  based on a 
s imilar  model, were discussed in  [161. Using t h e  same model a s  
an example, t he  problem of f l u x  conservat ion during c o l l i s i o n  
was examined i n  C171. 
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Let x, and x2 d e n o - ~ e  t h e  coord ina tes  o f  t ne  f'irst 
i 
and second elec. t rons ( they  w i l l  b e  t&en t o  be d i f f e r e n t )  . The 
conf igura t ion  space o f  t he  two  e l e c t r o n s  I s  a plane (F igure  1). 
F igure  1. Plane of  c m f i -  
g u r a t i o n  o f  t h e  two OLL- 
dimensional p a r t i c l e s .  
The Schrodinger equat ion 
has the  form 
where U i s  t h e  a t t r a c t i o n  
p o t e n t i a l  ( e . g . ,  a w e l l ) ,  and 
i s  the  r epu l s ion  p o t e n t i a l  u12 
( e . g . ,  a bak-r ie r ) .  I n  F lgure  1 
the  shaded a r e a s  a r e  those i n  
which the  p o t e n t i a l s  a r e  non-zero.  
The p o t e n t i a l s  a r e  chosen w i t h  
t h e  same i n t e r a c t i o n  r a d i i :  
U(X) = u12(x) = 0, if [xl>a. 
A t  d i s t a n c e s  firom the  cen te r  g r e a t e r  than 2a, t he  conf igura t ion  
space i s  divided i n t o  f o u r  d i f , f e r en t  reg ions .  i n  t h r e e  of them 
m e  of t he  p o t e n t i a l s  U o r  U12 i s  d i f f e r e n t  from zero.  i n  the  
f o u r t h  a l l  t h e  p o t e n t i a l s  equal zero.  
(47) 
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Consider the i-egion where only 
The pa i - t i a i  so lu t ions  to equation (Q6) i n  t h i s  reg ion  
U(x2)#0 ( t h a t  i s ,  lx, 1>2a, - 
Ix,j<a).  
a r e  
where Qn s a t i s f i e s  t he  equation 
u* 2 
while  kln and E s a t i s f y  the energy conservat ion condi t ion  n 
2 k- i n  + c = E. 
2 n 
- c 
The o v e r a l l  s o l u t i o n  i s  obtained by summing a l l  p o s s i b l e  p a r t i a l  
s o l u t i o n s .  
boundary condi t ions  must  be taken i n t o  account.  
t h a t  e l e c t r o n  2 i n  t h e  atom i s  found t o  be i n  t h e  s t a t e  
be fo re  c o l l i s i o n ,  wnile  e l ec t ron  1 i s  inc iden t  w i t h  t h e  
At t h e  same t i n e  the c o n s t r a i n t s  imposed by t h e  
Let us suppose 
$o 
momentum k . A l l  o the r  terms o f  t h e  sum must  con ta in  only 
waves emanating from t he  cen te r .  I s o l a t i n g  t h e  i n c i d e n t  wave, 
we w r i t e  
0 
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(5.1) 
where i n  t h e  continuous- s p e c t r l u ~ ~  p a r t  
T 7 -   E. "1 , "2 2 L i  
i k 2  x1 The f u n c t i o n  e , i f  kl > 0, desc r ibes  motion i n  the  
p o s i t i v e  d i r e c t i o n  of the  a x i s  x, b u t  i f  kl < 0, i t  desc r ibes  I' 
i t  i n  t h e  nega t ive  d i r e c t i o n .  Therefore ,  according t o  t h e  
boundary cond i t ions ,  and kl i n  (51) a r e  p o s i t i v e  i n  t h e  
r e g i o n  x1 > 0 and nega t ive  i n  t h e  reg ion  where x1 < 0 .  The 
amgli tudes f ,  of course, depend on t h e  s i g n  of  t h e  momentum. 
Thus, (51) r e p r e s e n t s  two d i f f e r e n t  func t ions .  One o f  them i s  
a s o l u t i o n  f o r  x > 2a, and the o t h e r  when x1 < -2a. 1 
I n  t h e  reg ion  where only. U(xl) i s  d i f f e r e n t  f r o m  zero,  
 lie^? i s  no inc iden t  wzve, 2nd then  we g e t  
Here, analogously,  the  momenta k2n and k2 a r e  p o s i t i v e  f o r  
p o s i t i v e  x2 and nega t ive  for nega t ive  x 2 '  
I n  t h e  reg ion  where only  t h e  e l e c t r o n  i n t e r a c t i o n  
p o t e n t i a l  i s  d i f f e r e n t  from zero, t h e  fo l lowing  a r e  p a r t i a l  
(53) 
s o l u t i o n s :  
-28- 
Solu t ion  (54) descr ibes  t h e  r e l a t i v e  no t ion  OZ t h e  two 
e l e c t r o n s  ( w i t h  momentum IC and mass 1/2) and the  f r e e  motion 
of  t h e i r  c e n t e r  of’ i n e r t i a  ( w i t h  nomenturn K and mass 2 ) .  i n  
t h i s  case bound s t a t e s  a r e  absent and t h e  wave func t ion  has  the  
form 
I n  conformity w i t h  t he  boundary condi t ions ,  K and X m u s t  
have t h e  same s ign .  
F i n a l l y ,  i n  t he  region where a l l  t he  p o t e n t i a l s  a r e  
zero,  the  s o l u t i o n  i s  equal to the  superpos i t ion  of p l ane  waves: 
where kl and k2 s a t i s f y  (52) and have t h e  same s i g n s  a s  
x1 and x2. 
We in t roduce  the coordinates  
.r2 
r.1 L Lg - 
xi 
-- 
== I/ $1 I $. a = ?-.” 
1 2 >  
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and examine the  asymptotic behavior o f  t h e  wave func t ion  when a 
i s  f rxed  while  p + a. 
3rr aye s a i d  to TT, T,  and -2 
5rr - F  The d i r e c t i o n s  a = C " " > TJ -2 ,  
be s i n g u l a r .  A s  i s  evident  i n  Figure 1, the  p o t e n t i a l  does n o t  
vanish  i n  these  d i r e c t i o n s  even a t  g r e a t  d i s t ances .  The behavior 
of t h e  wave func t ion  i n  these  d i r e c t i o n s  i s  determined by formulas 
(51)> (531, (57) 
I f  a i s  no t  equal  t o  any one o f  t he  s i n g u l a r  q u a n t i t i e s ,  
then f o r  a s u f f i c i e n t l y  l a r g e  p i t  i s  h p o s s i b l e  t o  avoid g e t t i n g  
i n  t h e  reg ion  where a l l  t h e  p o t e n t i a l s  a r e  zero.  Thus,  f o r  a l l  
a except t he  s i n g u l a r  d i r ec t ions  the  wave func t ion  with p 
s u f f i c i e n t l y  l a r g e  i s  a superpos i t ion  of p lane  waves (58 ) .  It 
i s  n o t  d i f f i c u l t  to comprehend t h a t  t h e  c l o s e r  a i s  to a s i n g u l a r  
value,  t h e  g r e a t e r  p must be i n  order  t o  escape f rom the  
e f f e c t i v e  range o f  t h e  p o t e n t i a l .  I n  o t h e r  words, i f  a t ends  
t o  a s i n g u l a r  value,  t he  domain of a p p l i c a t i o n  o f  formula (58) 
recedes to i n f i n i t y .  This  inescapable  f a c t  i s  t r e a t e d  i n  i141 
as a de fec t  of t h e  asymptotic form which o s t e n s i b l y  can and should 
be e l imina ted .  
A t  l a r g e  x1 and x2 t h e  fundamental con t r ibu t ion  t o  
i n t e g r a l  (58) i s  made by t h e  neighborhood of t he  po in t  def ined 
by t h e  condi t ions  
-30- 
I n  a manner analogous t o  (11) the s t a t i o n a r y  phase method i s  used 
to f i n d  
It i s  c l e a r  t h a t  qn (x2) s a t i s f i e s  (49) a t  a l l  va lues  
of x2; t h a t  i s ,  even a t  those  f o r  which U(x2) = 0.  Consequently, 
Y i s  a s o l u t i o n  also i n  t h e  region where the  p o t e n t i a l  i s  absent .  
This  i s  a l s o  t r u e  of t h e  funct ions 
examine tQe behavior of t hese  func t ions  i n  t h e  reg ion  where 
p o t e n t i a l s  do n o t  e x i s t .  For the continuous spectrum p a r t  we use 
t h e  func t ions  qk; when / X I >  a they  a r e  
1 
Y 2  ana Y3. Let  us  f u r t h e r  
These Tunctions a r e  d i f f e r e n t  from the  func t ions  t h a t  descr ibe  
scatteining a t  a p o t e n t i a l  w e l l  i n  tha t  t h e  s ign  o f  t h e  momentux i s  
changed. Functions having such an asymptotic form a r e  convenient 
because only a term with a s ing le  amplitude can s a t i s f y  the  
s t a t i o n a r y  condi t ion  (60) and the re fo re  c o n t r i b u t e  to the  
asymptotic expression f o r  t h e  sums i n  (5l), (53) 
one-dimensional vers ions  of t h e  func t ions  having 
convergent wave" asymptotic.  The func t ions  cpk 
a n a h g o u s  fash ion .  
(57 ) .  They a r e  
t h e  
a r e  
i n c i d e n t  
chosen i n  
f l  f 
an 
~f a does n o t  equal a singular value, then when’ 
p -+ w the arguments of t h e  functions 1; and q in (51),(53), 
(57) also increase infiniteiy. In this case the functions of 
the discrete spec t run  vanisn, enC (63a) , (63b) can be used for 
the continuous spectrum. Furthermore, using the stationary 
phase mechod we get 
where 
1 
2 k’ = jc, f k 2 ;  Ji = - ( k ,  - J i g ) .  
The quantities kl and k2 as functions of CL are determined 
In accordance with (61). 
Comparing (62) , (64) - (  66) , we get 
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These e q u a l i t i e s  were obtained when s o l u t i o n s  
were appl ied  t o  regions w i t h o u t  po ten t i&ls . -x)  T h u s ,  (68) can 
be coiisidered a s  t h e  condi t ion o f  j o in ing  o f  t ne  var ious  s o l u t i o n s .  
(51), (53), (57) 
E q u a l i t i e s  (68) show tha t  t h e  p a r t s  o f  t h e  continuous 
spectrum f o r  t h e  func t ions  (51) ,  (53 ) ,  (57), (58) a r e  n o t  independent.  
I n  order  t o  completely deyine t h e  boundary condi t ions ,  i t  i s  
s u f f i c i e n t  to spec i fy  only one o f  them. (Spec i f i ed ,  o f  course,  
a r e  not  t h e  numerical  values  o f  t h e  amplitudes,  b u t  t h e  genera l  
form of the  wave func t ion . )  
s p e c i f y  t h e  asymptotic corresponding t o  t h e  e x c i t a t i o n  of d i s c r e t e  
l e v e l s  f o r  t h e  s i n g u l a r  values of a .  Since t h e  p o t e n t i a l  
does not  have bound s t a t e s ,  the behavior of t he  wave func t ion  i n  
t h e  d i r e c t i o n  a = - iT i s  determined i f ,  e .g . ,  (51) i s  s p e c i f i e d ;  
4 
t h a t  i s ,  (57) can be constructed i f  (51) i s  known. I n  t h e  usua l  
formulat ion of the  problem t h e  boundary condi t ions  a r e  n o t  imposed 
In  adciition, i t  i s  necessary t o  
9 2  
T- 
f o r  a = - A s  i s  evident ,  this i s  a l s o  no t  necessary f o r  a 
unique determinat ion of t h e  s c a t t e r i n g  problem. 
4' 
Note tha t  t h e  shaded a r e a  i n  Figure 1 t h a t  corresponds 
to a = 2 makes only an i n f i n i t e l y  small  c o n t r i b u t i o n  t o  t h e  
e f f e c t i v e  c ross  s e c t i o n s .  To be more p r e c i s e ,  when p -t 03 t h e  
r a d i a l  f l u x  through t h i s  region tends t o  zero.  Generally speaking, 
4 
*-) A s i m i l a r  r e l a t i o n  f o r  t h e  amplitudes - f ' and g was obtained 
i n  191. The r e l a t i o n s h i p  between t h e  amplitudes - f a d  h - was 
determined by Seaton ( p r i v a t e  communication) . 
-33- 
t h i s  i s  n o t  a c h a r a c t e r l s t i c  ol t h i s  d i r e c t i o n ,  b u t  a r e s u l t  of 
the f a c t  tha t ,  if the  s t reamlines  form a d ivergent  beam, the  f l u x  
a t  i n f i n i t y  through any l i n e  of f i n i t e  dinensions vanishes .  I n  
o t h e r  words, t he  zero range of a: makes no .contr ibut ion to t h e  
f l u x .  A n  exception a r e  t h e  d i r e c t i o n s  a = 3 and a = -11. *, along 
which a f l u x  corresponding t o  e x c l t a t i o n  o f  d i s c r e t e  l e v e l s  can 
be considered a s  p a r a l l e l  to the axes x1 o r  
d i r e c t i o n s  t h e  zero range of  the angle  a makes a f i n i t e  c o n t r i -  
bu t ion  t o  t he  f l u x .  Since the  p o t e n t i a l  i n  t h e  shaded a r e a  
corres9onding to a = - 4 
d e n s i t i e s  i n  t h i s  reg ion  decrease f a s t e r  than i n  t h e  ad jacent  
free-motion reg ions .  T h i s  i s  evident from (57), i f  t h e  behavior 
o f  t h e  func t ions  
p o t e n t i a l  i s  take2  i n t o  account.  
T 
i n  t hese  x2 
TT i s  repuls ive ,  t h e  p r o b a b i l i t y  and f l u x  
cpk i n  t he  e f f e c t i v e  reg ion  o f  t h e  r e p u l s i v e  
++) 
AIAssurning t h a t  X + 03 when x12 = cons t  and applying t h e  st.a- 
t i o n a r y  phase method to i n t e g r a l  (57), we ge t  
where I( = 2 E .  
t h i s  expression i s  equiva1en.t t o  
I n  t h e  region where (63a ) ,  (63b) a r e  app l i cab le ,  
(66). 
-34- 
Cuite a bit o? azten-clon i s  aevoted i n  [ibl t o  t h e  so-  
c a l l e d  Xato theorems [191. These t h e o r e m  de f ine  the  behavior 
o f  t h e  wave func t ion  and i t s  de r iva t ives  a t  p o i n t s  where t h e  
p o t e n t i a l  has s i n g u l a r i t i e s .  Suppose t h a t  an o u r  model t h e  
p o t e n t i a l  
aUsiyi a l l  t h e  p o s s i b l e  consequencss of Kato's theorems f o r  such 
r; 
has a c e r t a i n  s l n g u i a r i t y  f o r  a = - o > v i -  
%2 4 '  
a case  should be manifest  i n  the behavior of t h e  func t ions  
when x12 = 0 .  
t h e  consequences appear i n  the  asymptotic fo rm t h a t  desc r ibes  
qk(x12) 
It i s  erroneous to r equ i r e ,  a s  done i n  [lb], t h a t  
motion i n  a region where the  p o t e n t i a l  i s  absent .  
It should be emphasized t h a t  t h e  amplitude f f o r  k = k, 1 
does n o t  correspond t o  the  case i t  corresponds t o  t h e  
fol lowing l i m i t  p rocess .  F i r s t ,  t ak ing  a given a, we choose p 
such t h a t  Ix121 > a and (64) can be appl ied .  Then we make a 
xl, = 0. 
7 tend t o  - From t h i s  L t  I s  c l e a r  t ha t  even i n  t h e  l i m i t  case  k *  
of k, = k2 t h e  asymptotic fo rm and the  amplitude a r e  a s soc ia t ed  
i 
with  l a r g e  x12 and have no r e l a t i o n s h i p  with p o i n t s  = 0 .  
The behavior of Y a t  x12 = 0 i s  def ined by means of (57) i n  
terms of  t he  behavior of t he  func t ions  yk(xl2). 
S t r i c t l y  speaking, the amplitude f when kl = k2 does 
Regardless o f  how g r e a t  n o t  have any immediate phys ica l  meaning. 
t he  d i s t a n c e  t o  t h e  cen te r  i s ,  t h e  i n t e r a c t i n g  e l e c t r o n s  cannot 
move i n  a row i n  p a r a l l e l  a s  f r e e  p a r t i c l e s .  
a p p l i c a b l e  f o r  any p whatever i n  t h e  shaded region corresponding 
Formula (64) i s  n o t  
-35- 
.-- 
t o  c: = -. A s  has  n i r e rdy  baen  mentioned, t h e  c l o s e r  a Is 
4 - 
to IL t j-L e O A  ,-,. 1.2 e a il; e p m ~ s t  be t o  apply t h e  asyrnptotic form. 
If a = -  t he  doniain of app l i ca t ion  d isappears  ( i t  has receded 
4’ 
- I 1  ’ 
7- 
to i n f i n i t y ) .  When a = 2 t h e  smplitude has  only the  meaning 
of t h e  l i m i t  
i : .  
This f a c t  i s  no t  e s s e n t i a l ,  s ince  we should expect l i m i t  (69) 
t o  equal  zero.  
connected w i t h  t h e  behavior  of  t h e  func t ion  
The behavior of t he  amplitude f(kl, k2) i s  
uk(x12), where 
- k2), desc r ib ing  t h e  r e l a t i v e  motion of t h e  two 1 k = - ( k  
2 
e l e c t r o n s .  A s  w e  know, when k = 0,  Che c o e f f i c i e n t  of passage 
through t h e  b a r r i e r  equals  zero and t h e  wave func t ion  wi th in  
the  b a r r i e r  equals  zero .  
5. Ternkin’s Model 
The s p e c i f i c  ana lys i s  of asymptotic behavior given i n  
was c a r r i e d  ou t  on t h e  bas i s  O f  a model t h a t  can be obtained 
i f  i n  t h e  problem of e l e c t r o n  c o l l i s i o n  wi th  a hydrogen atom the  
r e a l  i n t e r a c t i o n  p o t e n t i a l  7 i s  rep laced  by t h e  quar , t i ty  
1 2  
-36- 
I 
m- i n e ~ ,  i? t h e  t o t a l  o r b i t a l  moi;lext equals  zero, t he  s o l u t i o n  t o  
zhe SchrGjingei- e q u a t i o c  dspends only on rl and r2 ( o r  on 
C) =Vin2 I r 2 ai?d a = a r c  t a n  r2/rl). Temkin c a l l e d  t h e  above- 
i '  2 
mentioned approximation an approximation of zero ox-der. 
equiva len t  LO t ak ing  a l l  t h e  s - s t a t e s  of t h e  two e l e c t r o n s  i n t o  
It i s  
account.  
The quan t i ty  V(0) i n  t h i s  model equals  
1 ?l v (a) = - - a: < - .  4 '  i f  s i n u  ' 
The p o t e n t i a l  as a func t ion  of a has  an i n f l e c t i o n  
p o i n t  a t  a = - l-r The d e r i v a t i v e  dV/aa a t  t h i s  p o i n t  becomes 
disconLinuous. 
d i f f i c u l t y ,  and tnis  d i f f i c u l t y  was eppa ren t ly  the  f i r s t  reason why 
asymptotic (28) was c r i t i c i z e d  i n  1141. 
4' 
This  c h a r a c t e r i s t i c  of  t h e  p o t e n t i a l  l e a d s  t o  some 
Since ~ ( a )  LS f i n l t e  when a = I- r e l a t i o n  (29) i s  
icy 
s a t i s f i e d  f o r  a s u f f i c i e n t l y  l a r g e  
t h a t  asymptotic (28) i s  a l s o  appl icable  i n  t h i s  d i r e c t i o n .  By 
d i f f e r e n t i a t i n g  t h e  asymptotic form wi th  r e s p e c t  t o  a, we g e t  
p and it can be a n t i c i p a t e d  
-37- 
Since  dV/dc: has r?. discontinGit.y when a = - i t  f o l l o w s  from 
(72) tha’L ?$/Sa a l s ~  b e c o ~ e s  discontinuous i n  t h i s  case.  B u t  
4, 
this I s  00% permiss ib le ,  s6r,ce ziien 3 2 ~ / 2 a 2  w o u l d  have a 
6-type s i n g u l a r i t y .  T h i s  i s  no1 compatible wi th  t h e  Tact t h a t  
a l l  the  o the r  t e r x s  of the  Schrgdlnger  equat ion a r e  f i n i t e .  
This  d i f f i c u l t y  i s  absent i n  t h e  t r i p l e t  case,  s i n c e  
then,  because o f  a n t i s y j E e t r y  with r e s p e c t  t o  r1 and r2, t h e  
7T wave filcfiction 4 and the  amplizu.de x. equal  zero when a = - 
4 
(let u s  remember t h a t  a = 2 corresponds t o  r1 = r2). I n  t h e  
4 
s i n g l e t  ( syxmetr ica l )  case ,  however, t h e  amplitude may be d i f f e r e n t  
f rom zero .  I n  t h i s  case t h e  wave func t ion  and amplitude s a t i s f y  
the  condi t ions  
- ? n  ~(z) i C. Obviously, (73) i s  not  compatible wi th  (72) if 
i n  t he  preceding sec t ion  of t h i s  a r t i c l e  t h e  remark was 
made t h a t  t h e  amplitude o f  t he  j o i n t  motion of r epu l s ive  p a r t i c l e s  
should equal  zero .  
three-dimensional space.  i f  a = - then the  absolu te  magnitudes 
of t h e  v e l o c i t i e s  a r e  equal ,  while t h e i r  d i r e c t i o n s  may be 
d i f f e r e n t ,  f o r  example, opposi te .  There i s  i10 reason t o  a s s m e  
t h a t  t h e  arr,pllLude for a l l  t h e  d i f f e r e n t  d i r e c t i o n s  equals  zero .  
The model being considered here  r e f e r s  t o  a 
7 
4’ 
\ 
-38- 
To so lve  the  d i f f i c u l t y  that has a r i s e n ,  no te  t h a t  a t  
a- G-pezt d i s t m c e s  i t  s h ~ i i l d  be poss ib l e  t o  apply t h e  q u a s i - c l a s s i c a l  
approximation, i n  which 
where S i s  t h e  a c t i o n  i n t e g r a l  of c l a s s i c a l  mechanics. I n  t h e  
l a s t  s e c t i o n  of t h i s  a r t L c l e  i t  was shown t h a t  i n  t h e  symmetrical 
7 
case ,  w i t h  a = t h e  d e r i v a t i v e  of t h e  asymptotic form of t h e  
J i J  
-r 
a c t i o n  i n t e g r a l  does noz eqKai T h e  asymptotic form of t h e  d e r i v a t i v e  
of t h i s  func t ion ;  t h a t  i s ;  t h e  asymptotic form cannot be 
d i f f e r e n t i a t e d .  According LO (7&), t he  same i s  Lrue o f  t h e  wave 
f u n c t i o n .  When a = formula (72) i s  n o t  a p p l i c a b l e .  I f  
a*$, t h e  domain of a p p l i c a t i o n  of (72) recedes t o  i n f i n i t y .  
I n  the  model be ing  analyzed, (28) i s  a p p l i c a b l e  when a = - , J  
'cut i t  cannot be sa id  t h a t  expansion (27) i s  a l s o  a p p l i c a b l e ,  
- 
I7 4' 
- 
-t 
s i n c e  i n f i n i t e  d i f f e r e n t i a b i l i t y  of t h e  func t ion  i s  
i t s  d e r i v h t i o n .  
Another explana t ion  f o r  t h e  above-outlined d i f f i c u l t y  
was given i n  C141, namely, t h a t  asymptotic form (28) i s  n o t  c o r r e c t  
( n o t  f o r  any va lue  05 Progosed as t h e  asymptot ic  form i n s t e a d  a). 
of was a supe rpos i t i on  of the products  
of a p l a n e  wave an6 a Coulomb funct ion  
of t h e  s-components 
x 
1 P  
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t h e  soiu.tion of' t h e  so -ca l l ed  zeroth-order  problem. I n  (75) t h e  
F a r e  Cotilornb r a d i a l  func t ions  'nzving t h e  a s y n p t o t i c  
1 
ii F -sin f k r  t - In 2kr j- arg r L 
(75) 
It i s  no t  d i f f i c u l t  t o  see  t h a t  (75) I s  t h e  analog of (18) .  
S u b s t i t u t i n g  (76) i n t o  (75) ,  we g e t  the asymptotic form (28) 
by means of t h e  s ta t ionary-phase  method , which i s  t h e  same way 
as (20) was der ived .  Thus t h e  r e s u l t s  of  [I41 c o n f i r n  t h e  same 
ic 
asymptotic form tha t  i s  denied i n  t h i s  a r t i c l e .  T'ney i n d i c a t e  
t h a t  no o t h e r  asymptotic e x i s t s ,  d e s p i t e  t h e  a s s e r t i o n  of t h e  
au thor  of [14]. 
Note a l so  t h a t  (75) was transformed i n  f a c t  t o  (28) 
(more p r e c i s e l y  t o  (29)) i n  ['I. Accordil?g t o  (71 ) ,  f o r  t h e  
p o t e n t i a l  energy of t h e  system we have 
ic 
I n  [141 t he  a p p l i c a b i l i t y  of t he  s t a t iona ry -phase  method t o  super-  
position (75) i s  denied.  
au tho r  of [14] r e f r a i n s  f r o m  ob jec t ing  t o  t h e  a p p l i c a b i l i t y  of' t he  
s t a t i cna ry -phase  method and a d m i t s  t h a t  (28) and (75) a r e  equ iva len t .  
B u t  he f i n d s  t h e  s o l u t i o n  o f  the above-described d i f f i c u l t y  t o  l i e  
i n  t h e  f a c t  t h a t  t h e  s i n g l e t  amplitude should a l s o  equal  zero  when 
i n  h i s  nex t  paper '[201, however, t h e  
a = -  
4.' 
-40 - 
1 
- L  
~b is evl5ent that  he Cod.or2b potenLiz1 acts 09 only one of the 
electrons. Therefore, the model being considered relates to the 
case of a single neutral particle anci two charged particles, as 
investigatee in i3!. 
An asymptotic form for the exact collision problem was 
also proposed in Cl4l. it has the form of a cumbersome series 
for which the necessary condition of the asynptotic form is not 
fuifilled, i.e., the series does not identically satisfy the 
SchrBdinger equation with accuracy up to second-order terms. 
6. Real Pmticles 
The basic characteristics of the one-dimensional model 
we have examined are also valid for real Coulomb interaction 
particles in three-dimensional spxe. 
in this case the potential V(n) tends to infinity in 
tne singular directions. If R approaches a singular value, the 
domain of applicability of (28) goes to infinity. 
in the case of snort-range forces, asymptotic form (1) 
does not in itself contain singularities in singular-valued angles 
R (the exponent ixo does not depend on the angles). Therefore, 
if a careless approach is used, it may turn out thac (1) is 
applicable fo? the singular directions also. But  from all thac 
has been outlined above, it is clear that this is not so. 
Asyi-riptocic forx (1) signifies the approximation of plane waves 
-41- 
and i s  Zppl icable  only where the p o t e n t i a l  energy need no t  be 
taken irt to account.  
Analogously, asympto;ic f o m  (28) for c'nzrged p a r t i c l e s  
i s  app l i cab le  only where t h e  Coulomb poLeni ia l  energy i s  low a s  
compared wi-ch t h e  k i n e t i c  energy. I n  such a case  t h e  asymptotic 
form depends e x p l i c i t l y  on R. I f  i t  i s  appl ied  i n  s i n g u l a r  
d i r ecc ions ,  a meaningless expression i s  obtained.  O'oviously i t  
i s  incorrec-c t o  conclude from t h l s  f a c t ,  as was done i n  [lh), 
t h a t  asymptotic form (28) cannot be used anywhere. 
It should be emphasize 6 t h a t  t h e  s i n g u l a r i t y  i n  t h e  
asymptotic Term i s  i n  no way r e l a t e d ,  gene ra l ly  speaking', t o  t h e  
s i n g u l a r i t y  i n  t h e  Coalomb p o t e n t i a l  for r- = 0.  The asymptotic 12 
form i s  governed by the  behavior o f  t h e  p o t e n t i a l  a t  g r e a t  d i s t a n c e s .  
I f  t h e  Coulomb p o t e n t i a l  a t  sho r t  d i s t a n c e s  i s  rep laced  by a 
p o t e n t i a l  t h a t  i s  f i n i t e  a t  zero, no th ing  i s  changed i n  t h e  
asymptot ic  form. 
The i o n i z a t i o n  amplitude a t  kl = k2 corresponds to a 
passage t o  the  l i m i t  i n  which n approaches a s i n g u l a r  va lue ,  bu t  
f o r  every s2 t h e r e  i s  found a va lue  o f  p a t  which r12 i s  
very  l a r g e .  Hence i t . i s  c l e a r  tha t  bo th  t h e  s c a t t e r i n g  amplitude 
and t h e  asymptotic form always r e f e r  t o  r12 - 03 and have no 
r e l a t i o n s h i p  t o  r12 = 0 .  Consequently, t h e  K a t 0  theorems cannot 
be ap-plied to them, s i n c e  they r e l a t e  t o  t h e  reg ion  where r12 = 0. 
-42- 
An expression analogous t o  (57), descr ib ing  the  behavior 
05 tps ;*;z,iTe fu:?_ctiop- yo'" 1" = 0, cari a l s o  be foi-mulated i n  t h e  
case of r e a l  p a r t i c l e s .  P' ' t h e  c h a r a c t e r i s t i c s  implied by 
12 
p l t o 1 s  i ' n  ~ ~ ~ e o r e m s  and Coulorrib r e p u i s l o n  should be. found i n  t h e  
Coulomb func t ions  v&-1*) 
Note t h a t  the  Coulomb repu l s ion  func t ions  decay exponen- 
t i a l l y  f o r  every given d is tance  i f  t h e  momentum tends t o  zero.  
On t h i s  S a s l s  i t  can be an t i c ipa t ed  t h a t  t h e  s c a t t e r i n g  ampli- 
tude w i l l  vanish a s  kl->k2. 
This i s  evident  from the i n t e g r a l  express ions .  
According t o  [10,131, 
where 9 i s  the  exact  wave func t ion ,  while P i s  a c e r t a i n  
functior?,  r e g u l a r  a t  zero,  which has t h e  same asymptotic as t h e  
exac t  wave func t ion ,  i n  a d i r e c t l o n  corresponding t o  the  given 
amplitude; t h a t  i s ,  i t  s a t i s f i e s  condi t ions  (35), ( 3 6 )  . 
When k l z k 2 ,  i t  i s  convenient t o  choose i n  a 
form equiva len t  t o  (57 ) .  Such a f o r m  i s  
-43- 
where 
The Coulomb func t ions  Q a r e  determined i n  accordance 
w i t h  (14 ) .  
The func t ion  0 descr ibes  t h e  r e l a t i v e  motion of t he  
two e l e c t r o n s  and t h e  no t ion  of  t h e i r  cen te r  of i n e r t i a .  The 
l a t t e r  i s  assumed to be moving in  a f i e l d  s e t  up by t h e  e f f e c t i v e  
charge 5 ,  which i s  determined by (83 ) .  
Due t o  t he  exponent ia l  decrease o f  the  wave func t ion  of 
r e l a t i v e  motion a s  k+O, i t  can be expec-ked t n a t  t n e  amplitude 
w i l l  van ish  a s  kl-+k2. Phys ica l ly  i t  i s  completely c l e a r  t h a t  
t he  arri9litude of j o i n t  motion of t h e  r e p u l s i v e  p a r t i c l e s  equals  
zero.  
7. Asymptotic Behavior - In  C l a s s i c a l  Mechanics 
- i n  order  t o  ge t  a c l e a r e r  p i c t u r e  o f  asymptotic behavior,  
i t  i s  u s e f u l  to consider  t h i s  problem f r o m  the  viewpoint o f  
large distances, where a quasi-classical approximztion can be used, 
the classical solution of the equations of' motion corresponds 
directly to the quantum solution. 
Let us briefly consiaer an exampl-e of' the problem of' 
elect;-on ionization of a hydrogen atom at a total orbital moment 
of zero. 
In thls case the motion is defined by three coordinates: 
r2 
r1 
p = I/ r: + ri ; u = arctg - . , 0 = i$ (rlr r2 ) .  
For the Hamiltonian we have 
H = T p  f p-' T* $- p-' V (a, O), '
where 
-45- 
Tne canofiic equatior,s have the  f o l i o w i 3 g  Poi-m: 
;j = P p ;  
. I  
CL = -7;yCL; 
P” 
The dot  above a symbol denotes a t ime-der iva t ive .  
Before so lv ing  system (89-94), l e t  u s  i n v e s t i g a t e  t h e  
case o f  f r e e  motion. I n  This case 
ri = vi t + ci, 
where vi and ei are constants. 
We s u b s t i t u t e  (95) i n t o  (84 ) .  Taking (89)-(91)  i n t o  
account,  we ge t ,  as t - > m ,  
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p = x t  -+ 0 (I); 
a = const f 0 @-I) ;  
0 = const + 0 (r ' ) ;  
p p  = ic + 0 (1-2); 
pa = const + 0 (C') ;
p~ = const + 0 (t-'). 
For the kinetic energy components we obtain 
(100) 
( 102) 
r n L -  C - ~ A  
L L L C  LO.LC~ that the angular part of the kinetic energy is somewhat 
smaller than the radial part at great distances has a distinct 
physical, or rather metrical meaning. It expresses the fact 
that at great distances motion actually takes place in a radial 
direction. In otner words,' the -particle source (reaction zone) 
can be considered as a point located at the origin. Note that the 
vectors ci characterize divergence of the source from the 
* 
origin. If ci = 0, then T = 0 for all values of 3 .  
Let us return to equations (89)-(94). In the presence 
of Coulomb forces motion cannot be considered completely free 
even at great distances. However, if the concept of scattering is 
-47- 
' a t  a l l  a p p l i c a b l e  i n  t h i s  case ,  then  a t  g r e a t  d i s t ances .  t n e  
t r a J e c t o r i e s  s h o ~ L d  approach the free-motion t r a j e c t o r i e s  asymp- 
t o t i c a l l y ,  and t h i s  i s  expressed by t h e  boundary cond i t ions :  
The boundary condi-cions de-cermLne t h e  f i r s t  term i n  the 
a s y x p t o t i c  expansion. In order t o  f i n d  the next  term, we 
s u b s t i t u t e  t h e  express ions  (56)-( 101) , which correspond t o  
f r e e  motion, i n t o  the  r i g h t  s i d e s  of' equat ions (89)-(94). Then 
we f i n d  t h a t  i n  de t e rx in ing  the  f i r s t  terms o f  t h e  asymptotic s o l u -  
t i o n  we can n e g l e c t  t h e  k ine t ic -energy  terms on the  r ight-nand 
s i d e ,  a n d  t h e  q u a n t i t y  V ( a ,  e )  and its d e r i v a t i v e s  can  be 
considered as c o n s t a n t s .  Af te r  integra-cion we g e t  
v p = x t  - -T; In t +O (1); 
X' 
a = const f 0 (L-I In t ) ;  
1 dT7 
Pa = - y- * -&- In t -+ 0 (1) ; 
1 8V 
A '  8 6  p o  = - 7 . - l n t + O ( 1 )  
(io+) 
-48- 
. 
in c h e s e  express icns  the zngular  nonenta a r e  
C I ~ D S ~ T V ~ ~  t o  d i f f e r  mos'c f r o m  che Tree-motion f o r m u l a s  (96) f~01) ; 
now chey diverge l o g a r i c h n i c a l l y  as t ->a. 
are s u b s t i t u t e d  i n t o  -the r ight-hand s i d e s  of equat ions  (89) - (  94), 
t h e s e  d i f f e rences  prove t o  be i n s i g n i f i c a n t ,  and aftev'  i n t e g r a t i o n  
we aga in  g e t  ( l O b ) - ( l O g ) ;  tha t  i s ,  s o l u t i o n  (104)-(109) i s  s e l f -  
c o n s i s t e n t .  Thus, formulas (194) - (  109) determine t h e  asymptotic 
behavior o f  t h e  exac t  s o l u t i o n  of sysLem (89)-(94). 
However, i f  (104) - ( 109) 
I n  t h e  coord ina tes  ri t h e  c l a s s i c a l  
equat ions  of  motion f o r  a system o f  charged 
p a r t i c l e s  have t h e  f o r m  
The asymptot ic  s o l u t i o n . o f  t h i s  system i s  
S u b s t i t u t i o n  of t h i s  express ion  i n t o  
l eads  t o  (104) - (  109) . 
(84) 
For t h e  k ine t ic -energy  components i n  t h i s  case  we g e t  
As i s  ev leent ;  i n  the presence 02 Coulonb interzction tP-e term 
>k 
c o ~ ~ a i + : ~ D  T can  2,lso -5.5 neglect22 2; gineat jlstances. T i i i s  
b i  
* corresponds t o  t he  f a c t  that the t e r n  conta in ing  A can be 
neglec ted  i n  the  Schrydinger equation when de r iv ing  asymptotic 
form (28) .  
Now l e t  u s  determine the  asymptotic behavior i n  a 
s h o r t e r  range. We use the  Lagrange fo rm 
S = 2 (To + p-' T ' )  dt. s 
From (110) i t  i s  c l e a r  t h a t  only T should be taken i n t o  account.  
With due regard t o  (86), (104) , (107) we ge t  t he  already-known 
P 
r e s u l t :  
The saxe r e s u l t  i s  reached by d i r e c t  s o l u t i o n  
oI" the  Hamilton-Jacobi equat ion.  This equat ion 
can be w r i t t e n  i n  t h e  form 
assuming t h a t  i n  t h e  expyessions f o r  To and 
* 
T , namely, (86), (87) , t he  general ized momenta 
have been replaced by p a r t i a l  d e r i v a t i v e s  o f  
the  a c t i o n  i n t e g r a l :  
dS as a.c 
p p = - ;  p , = x ;  P o " = .  a? 
In t he  f i r s t  zpproximezion we lzegiect t h e  
term conta in ing  T . Then we have i;- 
from which follows ( 1 1 2 ) .  
D i f f e r e n t i a t i n g  (112)  we f i n d  
which corresponds to (108) ,  (log) . 
t hese  express Lons i n t o  the  Hamilton-Jacobi 
equat ion,  we see t h a t  t h e  term p 2 ~ *  need. not  
S u b s t i t u t i n g  
- 
a c t u a l l y  be taken i n t o  account.  Thus, (112) 
i s  a s e l f - c o n s i s t e n t  asymptotic s o l u t i o n  of 
t h e  Hamilton-Jacobi equat ion.  
I n  add i t ion ,  let u s  consider  Ternkin's model f rom the  
viewpoint of c l a s s i c a l  mechanics. I n ' t h i s  case exact  s o l u t i o n s  
t o  equat ions (89) - (94)  can be found. 
In s t ead  o f  (88) l e t  u s  take expression (71) f o r  t h e  
q u a n t i t y  V .  It does n o t  depend on the  angle  8 ,  and t h e r e f o r e  
we can s e t  
. e = cons t  and p e  = 0. 
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- 1-: i.e::ains t o  Cetermine p an?” a as func t ions  af t ime. 
Ins-,ead of using them for T h e  given p;-oble~~., is i s  mure convenient 
t o  use the  coord ina tes  r and 
where i. > r The equat ions 
the  form 
1 
1 - 2‘ 
r 2 .  L e t  ccs consider  t h e  region 
o r  motion, according t o  (77) have 
Equations (114) descr ibe  f r e e  mo’t;ioi-, o f  the  f i r s t  e l e c t r o n  and 
Coulomb motion of t h e  second and a r e  solved i n  terms o f  elementary 
func t ions :  
where 
It i s  
,n d 
obvious t h a t  
a t  i n f  i n  i t y .  
Omitting 
f o r  t h e  t r a j e c t o r y  
r,  = c, f u1 t ;  
r ,  a r e  cons tan ts ;  
I 
u2 i s  t h e  v e l o c i t y  of t h e  second e l e c t r o n  
- t f rom (l15), (116) > we ge t  the  equat ion 
:,-+ 
i nb  coc9inat e syac e : 
(ii5) 
(116) 
(117) 
-52- 
Z ,  equation (116) 
v 7 ;  t h a t  i s ,  i t  determines 
(117) i s  taken i n t o  Note t h a t  i f  account,  t he  argument 
of the  logari thm i l z  (116) can be w r i t t e n  i n  t h e  form 
When t - ~ ,  equat ions (115), (116), and (118) t ake  
t h e  fo rm 
Eence, for p and CI we ge t  expressions (lo&), (105), where V 
determined i n  accordance with (71 ) .  
Furthermore; l e t  u s  consider  t r a j e c t o r i e s  
i s  
t o  
corresponding 
t h e  symnetric case of  qaanturn mechanics. 
c ond i t ion  The symnetric wave func t ion  s a t i s f , e s  L e  
-53- 
has a i-zalzi  
t r z j e c t o r i e s  
Taki-ng (117) 
ili e have 
6 ir e c t i on . C or; s e en t 1 y , t 1-1 3 c 0 in in e s? Gnd i n  Q c 1 a s s i e 2 i 
vl = v2, i f  
i n t o  a c c o m t ,  f o r  r - 1 -  
1 = r2* 
r2 = r and v, = v2 = v 
1. 
1 
Comparing (118) , (124), (125) , we ge t  
(124) 
(126) 
Thus, t r a j e c t o r i e s  corresponding t o  t h e  symxetric case  of 
quantum mechanics form a one-parameter family a t  a given E .  
I n  connect ion w i t n  the  problem t h a t  a r i s e s  when Ternkin’s 
model i s  exLTined from a quantum-mechanical viewpoint,  l e t  us 
s tuay  t h e  asymptotic behavior  i n  a s h o r t e r  range.  
The H a m i  l t o n -  Jacobi  equat ion has  t h e  form 
-54- 
The ~ ~ ~ 1 9 l e t e  i n e g r a l  or" ?;his equation i s  
w he T e 
w arid v a r e  a r b i t r a r y  cons tan ts ;  v2 and u2 a r e  determined 1 
s=Y (117) 
I n  t h e  symmetric case we have the  cond i t ion  
as  7 - = O ,  if a = - 
da 4 '  
cons ide r ing  t h a t  
*f-2 7 d a - = p i- sin u - + cos a - , da \ drl 
we can see  t h a t  (130) i s  equiva len t  t o  (124) .  
Condition (130) can be s a t i s f i e d  by a p a r t i c u l a r  value 
t h e  t o t a l  i n t e g r a l  of equat ion (127) The t o t a l  i - n t  e g r a l  c all 
(128) 
be obta ined  by cons ide r ing  w as a func t ion  of v and v1 as a 1' 
-55- 
function of r 2nd r defi i r lc5 by the condition 1 2' 
By substituting (129) into (133) we get 
( 134) 
where C is determined. by (118). 
We xust find a function w(vl) sucn that it ensures 
the Sulfillment of (130). 
Setting r1 = r2 in (134) and taking (125) into account, 
we find 
where C as a function of v is determinsd by (126). 1 
Hence 
The integration constant is chosen such that 
(135) 
(136) 
(137) 
-56- 
The equat ion det,ermining v as  a func t ion  of 1 
r and r 2  i s  obtained by c o q a r i n g  (134) and (135). It 
has t h e  f o m  
1 
(139) 
The asymptotic s o l u t i o r ?  of  t h i s  equat ion i n  t h e  
- 
coord ina tes  p and a f o r  p--,m and a #,i has t h e  form 
(140) 
Tnese solutions were obtained un5er  he con6i t ion  %hat  i n  thz asyrrq- 
t o t l c  reg ion  the  logarithm on the  right-hand s i d e  o r  (139) i s  
considerably g r e a t e r  than t h a t  on t h e  le f t -hand  s i d e ,  and t h i s  
I 
r - r  condi t ion  i s  f u l f i l l e d  for a s u f f i c i e n t l y  l a r g e  p ,  i f  c. = - 
4 
( t o  which v1 # u2 corresponds) .  i f  T l  then v,->u2 and an 
4 
even greaLer D i s  necessary f o r  t he  given p ropos i t i on  t o  be 
vali.6. I n  otr,er w o r d s ,  i f  a+- t he  domain o f  a p p l i c a b i l i t y  of 
TT t he  logari-c’mic (lk0) , (141) goes t o  i n f i n i t y .  When a = - 
term on b o t h  s i d e s  of  (139) are  equal and (139) reduces t o  (12$), 
(125) .  Ins tead  o f  (l40), (141) we can then w r i t e  
7 
4’ 
4’ 
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1 
'Cp 
1 
"P 
U1 Nil COS CL f - ; 
u2 - il sin a $- - . 
The d i f f e r e n c e  betueen (140) , (141) and (142) , (1k3)  
i s  not  e s s e n t i a l  when determining the  asymptotic behavior o f  t he  
a c t i o n .  S u b s t i t u t i n g  (14C~), (141) o r  (142) , (143) i n t o  (128)  , 
(l29), we g e t  i n  b o t h  cases  
1 
il sin a In e, s -Y "'Cp +- 
which, when (71) i s  taken i n t o  account,  i s  equiva len t  t o  (30 ) .  
The s i t u a t i o n  i s  somewhat d i f f e r e n t  when s tudying t h e  
asymptotic behavior of the  d e r i v a t i v e  aS/aa.  
Taking (i3i), (132)  i n t o  accouiit 
(- u1 sin u + v, cos a). as -= 
dU 
S u S s t i t u t l o n  o f  (140) , (lkl) i n t o  (145) l eads  t o  
dS dY cos a 
da d u  ;L sin?a p, 
-----N---N- 
(143) 
(1M) 
(146) 
wnereas (142), (143) lead t o  (133) . 
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Expression ( l - + b )  c2.n also be g;o~;en by dif’lereilCizLifig 
- 
z s y i n ~ t o ~ i c  foorm (id-!-) W L T ~  res-pecc t o  a. ~ h u s ,  when a = 2 
4, 
t h e  d e r i v a t i v e  of t h e  asymptotic form does n o t  equal  t h e  asymptotic 
Tom of LYE d e r i v a t i v e .  
- 
The rezson why (144) i s  app l i cab le  when a = - while  
i s  bounded i n  the  neighborhood of 
L!’ 
(1h6) I s  nor;, is   ha^ u(vl) 
v =E, while t h e  d e r i v a t i v e  dm/dv, & diverges  l o g a r i t ’ m i c a l l y  . 
Formula (146) i s  a p p l i c a b l e  in t h e  r eg ion  where dw/dvi need 
noz be accounted for;  as a -2-, t h i s  reg ion  tends LO i n f i n i t y .  
1 
Ti 
4 
The asymptotic expressions we h2ve obtained a r e  no t  ap- 
p l i c a b l e  when 
( T i ) ,  has a p o l e  when a = 0 .  
a = 0,  because t h e  ?unction V ( a ) ,  determined by 
2. 
3 .  
4. 
5. 
r 
0 .  
8. 
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